The problem of h eat t ra nsfer due to la mina r flow of a viscous fiuid in a cha nn el is studied under t he ass umpt io n t hat t here is a p a ra bolic distribu tion of velocity. Thc efl'ect of axia l temperat ure cha nges a re consid ered a nd t he solut ion is based on t he simpl er s it uat ion where a xi a l effects are disc ussed. The solu t ion, o bta ined by t he met hod of least s q ua res, is represen ted in terms of a set of nonort hogona l char a cteristic fun ctions. Thcse fun ctions a nd t he correspondin g charac teri stic values are detel'lnined by numerica l integratio n e mploying t he Runge-Kutta procedure. Fina lly, asymp to tic d evelopmcn ts ar c obtained whi ch are useful in t he limi ting cases.
Statement of Problem
The presen t paper is concerned with the s teady s tat e problem of heat transfer in a tub e. The fluid moves with a prescrib cd velocity profile, which is parabolic in the presen t case. Thus the cnd cfl'ec tis not considered in the velocity profile. Th e h eat transfer is small and is supposed not to influence the fluid motion. The wall of the tub e is ass umed to b e kept a t a fixed temperature, 01, while the tempera ture of the fluid en terin g the tube is fixed to b e 00• The velo('ity distribution in the tube whose radius is unity is defined by (1.1 ) wher e r is the r adial distance from the center and v" is taken alon g the x-axis which is th e axis of This problem has been consider ed [1] 4 under the I The preparat ion of th is paper was sponsored in part b y the Offi ce of Naval ResearCh, Uni ted States Navy.
, Deceased . I P resent address, 'fbeoretieal Division, National Aeronau tics and Space Adm inistration .
• Figures ill brackets indicate the literature references at the end of th is paper.
assumption that temperature changes in the xdirec tion will be negli gible so lha t the term. 02lJjox2 may be omitted . H owever , recen t s tudies [2, 3] , which have included the eff ec ts of this term have exhib ited solutions b ased on approximatin g th e temperature distribu tion by a series of Be sel functions. I n the pre en t paper we propose to obtain a solution by the m ethod of leas t squares. The boundary value pr oblem will be solved by num erical integration of the differenti al equa tion employin g th e Runge-Kut ta m et hod . This procedure avoids th e usc of special functions bu t employs th e basic concep ts necessary to solve th e boundary value problem . The r esul ts obtain ed indi ca te tha t th e presen t technique may be employed in other problems of a similar nature. L et us first put X= 2vm/K and X~= x so tha t (1.2) becomes
while th e boundary conditions (1.3) r emain unchanged except that x is replaced by ~. W e sec from (1.4) that wh en X increases the con tribution from th e term 020/0!?' will decrease. By analogy with th e solution for X= CD it is assumed that wher e the constants Zn are the eigenvalues and the func tions y (1',zn) are the eigenfunctions of th e boundary value problem (1.6) y(r, X,z) = O for r = 1.
(1.7) where fer) = 1 in the present problem. When A= 00, (1.6) reduces to the Graetz-Nusselt equation and the functions ..jr (l -r 2 ) , y(r,Zn) constitute an orthogonal set and the coefficients are determined accordingly. In the present case where A is finite the orthogonality property no longer holds. However, we may still determine the coefficients in the sense of least squares. Consequently, we require these functions. Instead, we propose to solve the differential eq (1.6) directly using numerical integration . Differentiating (1.9) with respect to A n we get the infinite system of equations -z) b2k-2+z b2k-4= 0. (2.2) The weight function 1'(1 -1'2) has been introduced so that the results shall be consistent with the Graetz-N ussel t (}.. = 00) case. It should be noted that the solution of (1. 6) may be expressed in terms of the confluent hypergeometric function. However, to obtain the required results it would still be necessary to consider the problem of evaluating This representation was used to expedite the numerical integration of (1.6). The Runge-Kutta method [5] was employed starting at 1'= 0.5 with the value of y (0.5, zn) obtained from (2. 1) with trial values of Zo . The results are given in table 1 (see figure 1 for the characteristic functions corresponding to }.. = 10). 
Calculation of the Coefficients Aj
Tb e in tegrals in (1. 11 ) necessary for Lb e de termination of the olution A of (1.10) were evaluated with -
Thus for }.. = 1, if we start with the approximations Z~l) = -5 and Z~2) = -6 to Z2 the following successive approximations are obtained: The improved value of Zn was obtained by linear interpolation as follows:
The efficiency of the method was dependent on the choice of the initial values of z. Once some of the eigenvalues were known, relatively good starting values were easily found by extrapolation. In performing the integration (1.6) was written in the form
y=-u r and the interval M = 0 .002 was ultimately employed. It is noted that as }.. increases, the matrix a tends to a diagonal matrix, i.e., the set of characteristic functions yeT, Zn ) tends to an orthogonal set with respect to the weight factor r (1-r 2 ) . Finally, examination of the integrals which are the elements of a and (3 indicates that since fer) = 1, elements of {3 follow as a simple byproduct of the computation of the elements of a.
Solving the system aA= {3 we get the values of A n in table 2.
With the known values of An we are able to test the efficiency of the least square approximation. The results are summarized in table 3.
We conclude from the above that the method described yields satisfactory results for practical purposes. In conclusion we shall give asymptotic representations useful in the regions of small and large values of A. These serve to confirm the numerical resul ts obtained previously. 
